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ON THE ASYMPTOTIC BEHAVIOR OF A FUNDAMENTAL

SET OF SOLUTIONS
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CHARLES POWDER

Abstract. We consider nth order homogeneous linear ordinary differential

equations whose coefficients have an asymptotic expansion as x -» oo in

terms of real powers of x and are analytic in sectors of the complex plane.

In earlier work Bank (Funkcial. Ekvac. 11 (1968), 87-100) developed a

method for reading off the asymptotic behavior of solutions directly from

the equation, except in certain cases where roots asymptotically coalesce.

For our results, we consider coefficients in a field of the type developed by

Strodt (Trans. Amer. Math. Soc. 105 (1962), 229-250). By successive alge-

braic transforms, we show that an equation in the exceptional case can be

reduced to the nonexceptional case and so the asymptotic behavior of the

solutions can be read from the equation. This generalizes the classical results

when oo is a singular point and the coefficients are analytic in neighbor-

hoods of oo. The strength of our results is that the coefficients need not be

defined in a full neighborhood of oo, and that the asymptotic behavior can

be read directly from the equation.

1. Introduction. In the classical theory of ordinary differential equations,

the problem of singular points has been approached in several ways. In this

paper we take the approach of S. Bank in [1], [4] and [5]. In [1] and [5], Bank

developed a unified theory which included both the case of the regular

singular point and the case of the irregular singular point which we take here

to be oo. He considered equations of the form ~2,j-0fj(x)yin~J') = 0, where

each fj(x) is defined in and analytic in a sector

a < arg(x - ß exp(/(a + b)/2)) < b

(for fixed a and b in ( — it, w) and some ß > 0), and has an asymptotic

expansion as x -* oo in terms of real (not necessarily integral) powers of x

and/or trivial functions (functions which are o(x°) for all real a). Such

coefficients need not be defined in a full neighborhood of oo.

K. Takahasi [8] considered the problem for systems using different tech-

niques. His results are similar; however, one cannot read the asymptotic

behavior directly from the equation as in the differential algebraic techniques

developed by Bank and used here for nth order equations.
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In [1] it was shown that a certain algebraic polynomial F(a) in a alone,

whose degree p is called the critical degree, leads to p solutions of the

equation of the form v ~ xa(log x)ß, where a is a complex number and ß is a

nonnegative integer. When p = n, the result is an asymptotic analog of the

Fuchs regularity theorem. The result is summarized in §4.

Later in [5], Bank studied another algebraic polynomial H(w), whose

coefficients are functions of x and whose degree is n — p. It was shown in [5]

that, when the roots of H are asymptotically distinct, there exist n — p

solutions of the form exp JXV, where V is asymptotically equivalent to a root

of H. Thus the equation has a fundamental set of solutions p of which are of

the first type and n — p of which are of the latter type. Both polynomials F

and H can be read directly from the equation. There is also an algorithm [2,

Theorem II] to read off the asymptotic behavior of the roots of H.

For the case n = 2, the restriction that the roots be asymptotically distinct

was removed in [4] when the coefficients lie in a certain type of function field.

In [4], Bank transformed the equation (under the change of variable y = ez,

w = xz') to a first-order Ricatti equation. Because of the field condition, this

equation could be further transformed into one for which the first-order

existence theorem of Strodt [6, §127] was applicable. However, for general n,

the same transformation would only reduce the nth order linear differential

equation to an (n — l)st order nonlinear differential equation, and so another

approach had to be developed.

The coefficients are assumed to lie in a differential field D such that, if

/ e D and/ j* 0, then / — axh for some complex number a ¥=0 and real b.

In [7], Strodt proved that algebraic closures of such fields exist which retain

the asymptotic property. Thus we can assume that D is algebraically closed.

This property is necessary in Lemma 8.5. The results are not possible wihout

the field condition on the coefficients.

The technique we develop for nth order linear differential equations in-

volves successive changes of variables of the form v = zexp JXN. By factoring

out exp fxN, the resulting equation is again of the same form. The field

condition allows us to choose N so that eventually these changes of variable

lead us into the nonexceptional case, so that results from [1] can be applied.

We show that there exists a fundamental set of solutions, p of which are of

the form y ~ x "(log x)ß and n — p of which are of the form u(x)cxp fxV,

where u(x) is as above and V is asymptotically equivalent to a root of H. The

technique is easier to apply than classical formal system expansion.

For the field D, the results are essentially the same as the classical result.

We emphasize that the coefficients need not be defined in a neighborhood of

oo and we can read asymptotic behavior of the solutions directly from the

equation. By Strodt [7, p. 247], the field of functions with representation

around oo, f(x) = xp/q'2'^0cix'/ç where the c,'s are complex, p and q are
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integers and q < — 1, is algebraically closed and in fact also closed under

differentiation. In this case, Theorem 5 gives the asymptotic analog to the

neighborhood branch solutions of linear ordinary differential equations.

Although the result relies upon the existence theorem of Strodt [7, p. 244]

and hence upon Zorn's lemma, in general, the technique applies in construc-

tive fashion. This fact is demonstrated in the examples in §14.

2. Concepts from [1], [21 [6] and [7].

2.1 Notation. Let —it < a < b < it. For each nonnegative real valued

function g on (0,(b — a)/2), let E( g) be the union over 8 G (0,(6 — ä)/2) of

all sectors, a + 8 < arg(x - h(8)) < b - 8 where h(8) = g(8)exp(i(a +

b)/2). The set of all E{g) over all g is denoted F(a, b) and is a filter base

which converges to oo (see [6, §94]). Each E(g) is simply connected by [6,

§93]. The set F(a, b) is a complex neighborhood system of oo. As in [6, §§8

and 9], we let S, be the subset of F(a, b) consisting of those members E of

F(a, b) such that \z\ > 1 for all z e E. By log F(a, b) is meant the set {log R:

R G S]}. This set is again a complex neighborhood system of oo. For W

analytic in E(g), let jW stand for a primitive of W in E(g). A statement is

said to hold except in finitely many directions (briefly e.f.d.) in F(a, b) if

there are finitely many points r, < r2 < • • • < r in (a, b) such that the

statement holds in each of F(a, rx), F(rv r^, . . . , F(rq, b) separately (see [1,

§6])-
2.2 Notation. The asymptotic relations used are due to Strodt [6, §13]. If/is

analytic in some E(g), then/-» 0 in F(a, b) means that for any e > 0, there is

a gj such that |/(x)| < e for all x in E(gl). By / -< 1 in F(a, b) is meant that in

addition to/->0, all functions 0//^>O, where 0//= 0,(0/-'/) with 0/ =

xlog x . . . log7_,x/' and where logmx is the iterated w-fold logarithm. Then

/i < ft> f\ ~fv /i « h and /i < h mean respectively /,//2 < 1, /, - f2 < fv

/, ~ c/2 for some nonzero constant c and finally either /, ■< /2 or /, as /2. If

/~ c we write/(oo) = c, while if/-< 1 we write/(oo) = 0.

2.3 Definition. By a complex logarithmic monomial M is meant a function

of the form

M{x) = /£t°»(log x)a' . . . (log, x)"'

where K, a0, a„ . . . , ap are complex and K =£ 0. We say M has rank < p. If

the ak's are real we say that M is a logarithmic monomial.

2.4 Remark. In [6, §28], Strodt showed that if f< 1 then 9/< 1 for ally.

Additionally if f< xa for real a, then/' < x"~l and if/^ x" for real a, then

f<x'~x (see [6, §§30 and 32]). We say/is trivial in F(a, b)iîf<xa for all

real a. In accordance with [6, §23], if /~ Kx"°(logx)a< . . . (log, x)a-, then

8j(f) denotes a, and if/is trivial, then S0(/) = — oo.
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2.5 Definition. A logarithmic differential field of rank q > 0 (briefly an

LDF?, [7, p. 247]) over F{a, b) is a field D of functions (each analytic in some

E(g)) such that D is closed under differentiation, D contains all logarithmic

monomials of rank < q and such that every nonzero element of D is ~ a

logarithmic monomial of rank < q.

2.6 Remark. Let D be an LDF? over F{a, b). By [7, Theorem II, p. 244]

there exists an algebraically closed extension field E of D such that E

contains all logarithmic monomials of rank < q and every nonzero element

of E is — a logarithmic monomial of rank < q. Note that E is not necessarily

a differential field. Let F = {/ G E: / is algebraic over D}. The field F is an

algebraically closed LDF? which contains D.

2.7 Definition. Let ñ be the nth order linear differential polynomial

OOO - 2"-ofM)y0\ As in [1, §3], Q\j] denotes/;, and Q[*] = max{S0(fi[/]) -

j:j = 0, 1, . . ., n}. Let a be a complex number. Let ^{u, v) be the transform

of ß(y) under the change of variables x = e" and y = veau. Then the

differential polynomial exp( — ñ[*, a]M)^(w, v) is denoted [a; fi](t>), where

ß[*, «] is a + 0[*] (see [2, §7]). For a nonlinear differential polynomial fl,

when /* = (/„, /'„ . . . , /„) is an (n + l)-tuple of natural numbers, the

coefficient of y'0(/)'' • • • (.y(n)ï" is denoted Q[i*]. Let d(i*) = i0 + i,

+ ...+/„ and w(i*) = /, + 2i2 +_+ ni„. Then fi[», a] means the maxi-

mum over /'* of the quantity ad(i*) + 80(Q[i*]) — w(/*).

2.8 Definition. We say that M is a complex critical monomial of fi if ß is

unstable at M ; that is, there exists a function h ~ M such that ñ(«) is not

~ S2(M). Then we write M G crit*(fi).

2.9 Definition. If

M~ «-'(log x)-' . . . (log^.xr'Oog, x)-1 + '(log,+ 1x)c' . . . (log, + rx)c'

with / > 0, then by IF(M) is meant the function cos(80kty + arg c) for

— w < y < it, where 50it is the Kronecker delta. This is the indicial function

(see [6, §82]).

3. Uniform hypotheses.

3.1 Notation. The operator ñ is an nth order linear differential polynomial

of the form B(y) = ^nk.0Bk{x)6ky, where Oy = xy' and 0*y = 0(0*~V)- The

coefficients 5^(x) are assumed to lie in an algebraically closed LDF0, say D,

over F(a, b). Assume that Bn(x) is not identically zero. By dividing by the

highest power of x which is — a coefficient Bk(x), we may assume that for

each k, Bk(x) < 1 and for some k, Bk(x) « 1. We write Bk(x) = x0*^ +

Fk(x)] where 80(Fk) < 0 and ak < 0 for all k. Let/> be the nonnegative integer

such that Bp(x) as 1 and for some 8 > 0, ^(x) -< x_s for k >p. This p is

called the critical degree.
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3.2 Definition. The critical equation of Ü is the equation defined in [5, §4]

as F(a) = 'Z"^0Bj(co)a-' = 0. It is clear from §3.1 that F(a) is a polynomial of

degree/».

4.

Main Theorem of [1]. Assume §3. Let q = min{/: 2>. sa 1}. By dividing ß

by Bq(oo) we may assume that Bq(x) ~ 1. // q > 0, 0 is a root of F of

multiplicity q; otherwise, 0 is not a root of F. Let rv r2, ■ ■ ■ , rs be the distinct

nonzero roots of F, each rj having multiplicity my. Define Mx, M2, ■ ■ ■ , Mp as

follows: My = (log xy_1 if 1 < j < q; Mq+J = xr,(k>g xy~x if I < j < #», and

in general, Mq+m¡+mi+ ... +rr¡k+J = x^'Qogxy-1 for 1 < k < s - 1 and 1 <

j < «fe+j. Then the equation fi(y) = 0 possesses e.f.d. in F(a, b), a linearly

independent set of solutions {gx, g2, . . ., gp] with gj ~ Mjforj = 1,2, ... ,p.

Proof. The proof is given in [1, §§5, 7 and 10].

5.

Main Theorem. Assume §3. Let H(w) = 11"k„0xkBk(x)wk and let A be the

sequence of critical monomials N of H with 80(N) > — 1 including multiplicity.

Then:

(1) A has precisely n — p elements including multiplicity, say

TV,, N2, . . ., Nn_p, and e.f.d. in F(a, b), ß(y) = 0 possesses a solution of the

form y, ~ M,exp fVj for j = 1, 2, . . . , n — p where Vj ~ Nj and Uj —

x^log x)kj for some complex number r} and nonnegative integer kj.

(2) For j = 1,2, ..., n — p, Nj is of the form CjX~l+d/ with dj > 0 and, if

(ax, 6,) /j a subinterval of (a, b) on which IF(Nj) > 0 (respectively IF(Nj) < 0)

and is such that y} exists on F(ax, bx), then for all real a, yj > xa (respectively

yj < xa) in F(ax, ¿>,).

(3) There exist p distinct functions M,, M2, . . . ,Mp where Mk = xY*(log x)&

for some complex yk and nonnegative integer ßk such that, e.f.d. in F(a, b), the

equation fi(y) = 0 possesses a fundamental set of solutions { gv g2, ■ ■ ■, gp, yx,

y2' ■ ■ ■ ̂ yn-p) where the yfs are as in (1) and gk ~ Mk for k = 1, 2, ... ,p.

Proof. The theorem summarizes a sequence of lemmas and the proof is

given in §13.

6. Lemmas on critical monomials.

6.1 Lemma. Assume §3. Let H(w) = 2"k^0xkBk(x)wk and Hp(w) =

2k-pxkBk(x)wk~p. Then the critical monomials of Hp are precisely those

critical monomials M of H with M > x~ . This is the sequence A of Theorem

5. Hence A has precisely n — p monomials. Also, if N G A, then N = ex" for

some complex number c and real a > — 1.



96 CHARLES POWDER

Proof. Since Hp(w) has coefficients in D, it follows from [2, §8] and [6,

§54] that, if a is any real number, [a; Hp](v) is the sum of a polynomial

having constant coefficients with one having trivial coefficients. That is, [a;

Hp](v) = C(v) + R(v) where C(v) is a polynomial with constant coefficients

and R(v) is trivial in log F(a, b). A real number a is called admissible for H if

H(r\*, a] = H[*, a] = H(q\*, a] holds for at least two distinct r and q. Here

by //<?) we mean the homogeneous part of degree q. It follows from [2, §26]

that any critical monomial of Hp must be of the form ex" for some nonzero c

and admissible a, since [a; Hp\(v) has zero and only zero as an admissible

value.

Let a be admissible and let J = {k: ak + k + (k — p)a = H[*, a], p < k

< n}. Then, [a; Hp]{v) = 2keJakvk-p + T(v), where T(v) is trivial in

log F(a, b). Since a is admissible, ak + k + (k — p)a > p + o^ for some

k > p, and since a, = 0 and 80(Bk) = ak < 0 for k > p, we must have

a > - 1.

Now consider H. Let a > — 1. For each/ <p, ctj + j + ja < a, + / + /a

< a + /> + />a. Since //[*, a] = max{at + k + ka: 0 < k < n}, then for

/ </>, a, +/(o + 1) < //[*, a]. Clearly, #[*, a] = Hp[*, a] + pa. So, [a;

#](t>) = ^k^jakv>c + ^i(üX where T,(ü) is trivial in log F(a, b). It follows

that [a; #](ü) = v"[a; Hp](v) - vpT(v) + T{(v). The nontrivial portion of

[a; H](v) is precisely the nontrivial portion of vp[a; Hp](v). So for admissible

a > — 1, the critical monomials are identical. This completely characterizes

A. Since the terms of degree n — p and 0 in Hp are nontrivial, it follows from

[2, §29(b)] that A contains exactly n — p elements. This completes the proof.

6.2 Lemma. Assume §3. Let A = {A7,, N2, . . . , Nn_ } where Nx as • • • as

K, < #.,+1 » • • • « tf* < • • ' -< *«._,+! «•••■»•*,.- #„_„. Lei J0 =

0. Let 80(NJ = Tj for j = 1, 2, . . . , m. Let [Ty, H](v) = fj{v) + R/v) where

Rj(v) is trivial in log F(a, b) and fj(v) is a polynomial with constant coefficients

for eachj. Then for j = 1, 2, . . . , m,

(\)fj(v) = vp+^gj(v) with g,(0) * 0.

///V, = AT2 = • • •  = Nr<Nkfork>r, then

(2) 2?,(x) ~ (kr-p)Br+p(x)(-xNlY+r-kfor k = p,p + I, . . . ,p + r.

Proof. Let Nx — ax T. Clearly, T is the minimum admissible value which is

> - 1. Set J = {*; ak + k + kT = H[*, T]}. Let ß = min{- 1 + (a, -

ak)/(k — p): k >p} and let / be the maximum k for which equality holds.

Since ak < 0 for A: >/>, then y3 > - 1. Note that otj, = 0, a, + t + tß = p +

pß and ak + k + kß < p + pß for all k. Thus, ß is admissible for H. Recall

that if ak = 0, then ak = — oo.

Let — 1 < a < ß. Then, ak + k + ka < k + ka < p + pa for k < p and

ak + k + ka = ak + k + kß + k(a - ß) <p + pß + p(a - ß) = p + pa

for k > p. Hence, a is not admissible and so ß = T. It then follows that
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/ C {p,p + 1.t).  So, [T;  H](v) = 2,keJakvk + T(v) where  T(v) is

trivial in log F(a, b). Now since H has sx — s0 monomials N in A with

80(N) = T, then / = p + sx and/,(u) = ?,klEjakvk = vpgx(v) with g,(0) # 0.

Assume that part (1) holds for/ = 1, 2, . . . , q with q < m. Then

r,+] = min{-l + (a^ - ak)/ (k - p - sq): k >p + sq).

Set Jq+X = {k: ak + k + kTq+x = //[*, r,+ ,]}. Therefore, /> + sq is in /,+,

and Jq+x<Z{p + sq, . .., n). Hence, /,+ ,(«) = ^k^+akvk = u/'+f'g9+1(ü),

where gq+ ,(0) ^ 0, since f + ,(u) has a/> + $9-fold root at zero.

If Nx has multiplicity r and Nr < Nk for k > r, then ar+ (v + a)r =

2iksJakvk~p. Clearly, J is precisely {p,p + I, . . . ,p + r] and % =

ar+p(kr_p)ar+p~k. Also we must have a* + k + kT = p + pT for Ä: G J so

that a* = ar+p + (p + r - k)(T + 1). Thus

Bk{x) ~ akxa> ~ Br+p(x){kr_ p)(- xNx)r+p-k        for * G J.

This completes the proof.

7. The transform. Let W G £) (the LDF0 containing the coefficients of 0)

with W not identically zero. Set * = exp/ W and y = sz. We write 9k(s) =

s(xW)k(l + Ek). Clearly 9°s = s and 9s = xH^s. So, E0= Ex= 0. The equa-

tion becomes Q(sz) = sA(z) = 0, where A(z) = S^_05,[^]^z, with BJ[W] =

2*_y(/)**(*X*W0*~7(l + Ek_j). Simple induction shows that Ek and ¿JIF]

are in D for all &. Also, since W is in Z>, W m xa for some a. Hence by §2.4,

W'<xa~x «x^'W. Then W(ri)<x~nW. A straightforward computation

using the above fact shows that for W >■ x

0ms = s (xW)m + (™)(xW)m-1 + (m)xmWm-2W + Tm for m > 2,

where Tm El D and Tm -< (xW)m~2 -< (xPf)m_1. It then follows readily that

Em < 1 for m > 2. However, Em G D and thus ^(.EJ < 0.

Assume that W > x~\ Define Gm = (xW)mEm. Thus, G0 = Gx = 0. Set

^[^-¿(yUWi*^)*"7    and    Sj[W]=±[k\Bk(x)Gk_J.
k=j\J' k—j\J I

Therefore, Bj[W] = Dj[w] + Sj[W]. Note that since Em G D, then Gm e D

and hence, /),-[ W] and Sy[ W] are in D.

8. Estimates.

8.1 Definition. If /~ &xO0(l°g x)"' . . . (log? x)°« then ]/[ means the mono-

mial x"°(log x)"' . . . (log? xf" and is called the gauge of/.

8.2 Uniform hypotheses. Let H(w) = Y,k^0xkBk(x)wk. Let axT G A and let

JV6/J with N ~ axT. Thus A7 = axr(l + E) where £ ■< 1 and in fact

80(E) < 0. Let K(w) = 2"k=oXkBk[N]wk. Assume that axT is an rth repeated

critical monomial of H. Set m = ma.\{]xkBk(x)Nk[: 0 < k < n).
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8.3 Lemma. Assume §8.2. Let [T; H](v) = /(«) + T(v) with T(v) trivial in

log F(a, b). Then,

(1) Br[N] ~}mN--x-r[f(r\a)/r\,

(2) Bj[N] <}mN-JX-J[forj < r, and

(3) Bj[N] < ]mN-Jx~J[< Br[N]forj > r.

Proof. Since H[*, T] = max{ak + k + kT}, then 80(m) = H[*, T]. Let

J = {k: ak ¥= 0} and recall that ak = 0 implies Bk(x) = 0. Let/' = / n {j,j

+ 1, . . . , n}. By the assumptions in §§3.1 and 8.2 we may write

Bj[N] = fc2  (kj)x«+V'-JXT+»ak-\(l + Fk/ak)(\ + E)k~J(\ + £*_,).

Let / = {fc: a* + Â: + ¿T = #[*, 7]}. Clearly / c /. Let /' = / n {j,j +

1, . . . , n}. Since Fk < 1, E < 1 and l?fe_. -< 1, we have

Bj[N] = x-^(r+1> 2  (M**+*<r+,)«*--'^(l + GkJ)
kej" \Jj

where 80(Gkj) < 0. Hence,

£,.[A] = x8l:T]-HT+t)l <£  lk\ak-Jak + H\

where 80(Hj) < 0. By assumption and the definition of H[*, T], [T; H](v) =

f(v) + T(v), where T(v) is trivial in log F(a, b). It follows from the definition

of / that/(u) = 2keIakvk. Differentiate to get f°\a)/j\ = 2*e/-(*K«*~y-

Thus,

Bj[N] = xHl'-Tl-j<T+l\fV\a)/j\ + Hj).

Now ax T is an rth repeated critical monomial of H. Therefore, f°\a) = 0 for

j<r and fr\a) ^ 0. Since x/,[*-rl-^r+1> =]mx_4v-7'[, parts (1) and (2)

follow. Also xN -< 1, so for/ > r we have ]mx_yiV"J'[-<]mA:"W"r[. Part (3)

then follows. This completes the proof.

8.4 Lemma. Assume §8.2. Then Sn_x[N\ = S„[N] = 0 and

Sj[N]<]mx-J-lN-J-l[ for] < n - 2.

Proof. Since G0 = Gx = 0, the first part is clear. From §7 we may write

Sj[N] = 2",_y+2())^(x)G,_, with Gk = (ÏXxNf-1 + (k)x\xNf-2N' + Tk

and with Tk < (xN)k~\

If T=0, then N = a + E with E < 1. Thus, A' < x-1 and G* ~

ßXxA)*-1. If r^= 0, A = axr(l + E). Then A' = x_1A[r + xE'/(l +

£)]. So, Gk = (T+ l^XxA)*-1 + Qk, where Ô*-< (xA)*_1. Thus, G*

s¿](xA)*_1[. Since Gfc and S,[A] lie in D, it is sufficient to check 80(Sj[N]).
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We have

8¿Sj[N]) < max{8¿Bk(x)Gk_j): k >j + 2}

< max{ak + (k - j - l)(T + 1): k >j + 2}

<H[*,T] -(j+l)(T+ 1).

Therefore, 80(Sj[N]) < 80(m) - (/ + l)(T + 1) and hence,

Sj[N] < ]/n(xA)--'~,[ for/ < n — 2. This completes the proof.

8.5 Lemma. Assume §8.2. If Dr_x[N]> mx~rN~r, then there exists a

function M G D such that x~l < M < N and Dr_x[N + M] = 0.

Proof. By §8.2 and the assumption, mx~rN~r <

Dr_x[N]<mx~r+1N~r+\ Since N > x~\ it follows from Lemma 8.4 that

Sr_x[N]<mx-rN~r < mx-r+lN~r+l.  Also,   by   Lemma   8.3,   Br_x[N]<

mx~r+iN~r+l and therefore Dr_x < mx~r+1N~r+l. Now Dr_X[N] is non-

zero by hypothesis, so Dr_x[N] — mx~s where 0 < r(T + 1) — 5 < T + 1.

Since Sr[N] < mx~rN~r by Lemma 8.4 and Br[N] « mx~rN~r by Lemma

8.3, then Dr[N] » mx~rN ~r. Thus, Dr[N] is nonzero.

Let A(v) = Dj[N + o]. By Taylor's Theorem, A(v) = '2npJoAip\0)vp/p\.

Hence, with p = m — j,

'(.0-2(7)
m=j \ ■>  i

So, Dj[N + v] = I,nk_j(k)Dk[N]xk-Jvk-J. Set G(v) = Dr_x[N + v]. Since

— Dr-\[N]/rxDr[N] is in D, it is ~ a logarithmic monomial, say B. We have

shown that B « je*7"-*-'>-«-> andx"1 -< B -< N.

Let yj = 8Q(Dj[N]) and a = 80(B). Now yk < 80(m) - k(T + 1) for any k

and yr = ô0(w) - r(T + 1). Hence, yr - yk > (k - r)(T + 1). For k > r,

yk + (k - r + l)(a + 1) > yr + a + 1 is false. If not, (k - r)(a + 1) > yr -

yA which implies that a > T. However, a < T and so yk + (k — r + l)(a +

1) < yr + a + 1 for k > r. By the choice of a, yr + a + 1 = yr_x and so

G[», a] = yr_). Then a is admissible for G. Clearly 5 is in crit*(G) and is

simple.

Since D is algebraically closed, G(t>) factors over D into linear factors.

There then exists a function M G D with G(M) = 0 and M — 5. The

remainder of the proof follows by the definition of G, B and the fact that

x ~ ' < B < N. This concludes the proof.

9.

2  (m)Bk(x)xk-mNk , m —j   m —j

Lemma. Assume §8.2. Let B be the sequence of monomials M El A such that

M « N but not M ~ N. For each M G B, M — axT is in cxït*(K) and has the
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same multiplicity as the multiplicity of M in A. If A has t monomials L •< N,

then K has a critical monomial — axT of multiplicity p + t where p is the

critical degree. Finally, if M G A and M > N, then M is in cút*(K) with the

same multiplicity as the multiplicity of M in A.

Proof. Let / = {k: ak + k(T + 1) = H[*, t]} and / = {/: 80(Bj[N]) +

j(T + 1) = K[*, T]}. Then, [T; H](v) = f(v) + T(v), where/(ü) = ZkeIakvk

and where T(v) is trivial in log F(a, b). By definition,

K[*, T] = max{50(5,[A]) + j(T + 1): 0 </ < n).

Since 80(Bj[N]) < rnaxfa^ + k(T + 1) - j(T + 1):/ < k < »} < H[*, T] -

j(T + 1), then K[*, T] « H[*, T], By Lemma 8.3, Br[N]

~]mx-rN-"[f\á)/r\ with/w(a) ^ 0. Thus, 80(Br[N]) - S0(m) - r(T + 1)

= H{*, T] - r(T + 1). Therefore, H[*, T] < K[*, T]. Necessarily the coef-

ficient of vr in [T; K](v) is nontrivial and so #[*, T] = //[*, T].

For j ^ /, the coefficient of u7 is trivial. Also with I' = I n {/,/ +

1-, »},   /<»(a)//! = 2,e/,())a,t)*-A    Hence,    [T;    iT](o) =

2jejVJf°\a)/ß + T'i(o) where Tx(v) is trivial in log F(a, b). By [2, §8], if

f°\a) = 0, then the coefficient of t/ is trivial and f°\a) is nonzero if and

only if/ G J. Thus,

/(« + «) =  2 vkf(k\a)/kl.
keJ

Therefore, [T; K](v) = f(a + v) + Tx(v).

Now K (respectively H) has critical monomial corresponding to admissible

value T where and only where f(a + v) (respectively /(«)) has its nontrivial

zeros with the corresponding multiplicity. The first part of the lemma follows.

By Lemma 6.2, part (l),/(t>) = vp + 'g(v) with g(0) ¥= 0. Hence,/(a + v) has a

p + /-fold root at — a. This proves the second part of the lemma.

Let a > T. Define / = {&: ak J- 0} and J = {k: ak + k(a + 1) =

//[*, a]}. Clearly/ c /. For/ G / and k >/,

ak + (k-j)(T+ l) = ak + k(a+ I) - j(T + 1) + k(T - a)

< a, +/(a + 1) -j(T+ 1) + A:(r- a)

«a, + (Â: -j)(T- a) < a,.

Hence, Ä,[A] ~ £7(x). For/ G /, a, + /(a + 1) < H[*, a] and for k >/,

a, + (A: -/)(/+ 1) +/(« + 1) = ak + k(a + 1) + (k - j)(T - a)

<H[*,a].

Since / is not empty, K[*, a] <£ H[*, a]. Therefore, K[*, a] = //[*, a] and

equality occurs at each term with/ G /. Then we must have [a; K](v) = [a;

H](v) + T(v) where T(v) is trivial in log F(a, b). The conclusion of the last

part of the lemma follows. This completes the proof.
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10. Fundamental reduction lemmas.

10.1 Definition. Let F(y) = S"_0aiV' be a polynomial with coefficients in

D. Let M* be the set of monomials in D. Then F is called stable at/? G M* if

F(q) — F(p) for all q G D with q—p. The instability multiplicity for F

(briefly inst(/>, F)) is equal to the min{s: F(i) is stable at/?} (see [7, p. 231]).

10.2 Definition. Let x_1 -< N G D. Let H(w) = 1nk-oXkBk(x)wk, At» =

2*_o-**5*[Ar]w* and A(z) = ~Znk=0Bk[N]9kz. Then N has transform type

(/?, q) with respect to H (briefly trt(A, H) = (/?, a)) if A has critical degree/?

and if q = min{inst(Af, K): M G crit*(AT) and x_1 < M -< A}. Take o = 0

if {A/: M G crit*(ÀT) and x"1 -< Af < A} is empty.

10.3 Lemma. Assume §8.2. Lei A ¿?e ai /'n §10.2. Assume that trt(A, #) =

(A, a). 77ien AT Aas precisely r — h critical monomials M with x~l < M ■< N

counting multiplicity. Also, h + q < r so that either A > 0 and q < r or A = 0

and q = r.

Proof. Let ß have critical degree/?. By Lemma 6.1, H has n — p critical

monomials Q with Q < x ~ ' counting multiplicity. Let 5 be the sequence of

these monomials. Let t be the number of terms M G B with x ~ ' -< A/ -< A,

« be the number of terms M E B with A/ « A but not M ~ N, and u be the

number of terms M E B with Af > A. Since axr — A is an rth repeated

critical monomial of //, n — p = t + u + v + r. By hypothesis, A has critical

degree h. Let C be the sequence of monomials L G crit*(ÄT) such that

x_1 ■< L counting multiplicity. By applying Lemma 6.1 to AT, C has exactly

n — h terms. By Lemma 9, — ax T is in crit*(A') with multiplicity/? + /, and K

has precisely u critical monomials M with M « A but not M ~ — N. Also

from Lemma 9, A has exactly t> critical monomials M with M > N. Let í be

the number of terms M G C with x ~ ' -< Af -< A. We may conclude that

s = n — h — p — t — u — v. Therefore, s = r — h. Hence, K has r — h criti-

cal monomials with x ~ ' < M <. N. This proves the first part of the lemma.

Clearly q < s by definition. Thus, h + q<h + s = r. Since A and q are

nonnegative integers, the second part of the lemma follows. Note that if

q = 0, then s = 0 and necessarily, h = r. This completes the proof.

10.4 Definition. Let p, q, r, and s be nonnegative integers. We say that

(/?, a) < (5, /•) if q < r.

10.5 Lemma. Assume §8.2. Lei trt(A, H) = (0, r). 77ien iAere exists a func-

tion LED satisfying: (a) L ~ A ana" (b) trt(L, #) = (A, a) < (0, r). Addition-

ally, with M = L - N, (c) x"1 -< M < N.

Proof. We first find a function M G D satisfying (c). Then we will show

that L = N + M satisfies (a) and (b). We assume that trt(A, H) = (0, r).

Thus since r > 1, there exists a monomial Q G cút*(K) with inst(ö, A) = r

and with x"1 < Q < N.
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We now assert that Dr_ ,[A] > mx  rN   r. If not, then

Dr_x[N] <mx-rN~r

since both sides lie in D. This leads to a contradiction as follows. By Lemma

8.4,
Sr-ifA] <mx-rN-r.

Hence, Br_x[N] < mx-rN~r. Let A(z) = 2,nk„0Bk[N]9kz. Then A has critical

degree 0. Let B be the sequence of monomials M G crit*(A) with x_1 ■< M

< N. By Lemma 10.3, B has r terms. Now inst(ö, K) = r and Q G B, so Q

is the only member of crit*(A) which satisfies x_1 < Q < M. Thus Q is

necessarily the minimal such critical monomial. We may then apply Lemma

6.2 to Q and K. By part (2) of Lemma 6.2 we have Br_ ,[A] « Br[N]xQ.

However, xQ > 1 and Br[N] « mx~rN~r by Lemma 8.3. Hence, Br_x[N] >

mx~rN ~r. This is a contradiction. The assertion must be true.

Now, the hypotheses of Lemma 8.5 are satisfied. Thus, there exists a

function M G D with x~x < M < N such that Dr_x[N + M] = 0. Let L =

N + M. Clearly (a) and (c) hold. It remains to prove (b). Define A,(z) =

2"k_0Bk[L]9kz and Kx(w) = ^l^B^L^. Let trt(L, H) = (A, a). Since

L~ A, then mx = max{]xkBk(x)Lk[: 0 < k < n} is ~ m. Therefore by

Lemma 8.4 applied to L, Sr_x[L] < mxx~rL~r « mx~rN~r. Then, Br_x[L]

< mx~rN~r.

We assert that (A, a) < (0, r). Assume the contrary. By Lemma 10.3 (ap-

plied to L), h = 0 and q = r. Since q = r, there exists a monomial Q* G

crit*(A'1) with inst(ß*, Kx) = r and with x_1 -< Q* < L. Also, since A = 0,

Ax has critical degree 0. Hence, Lemma 10.3 implies that Kx has exactly r

critical monomials M with x_1 < M < L. Thus Q* is the only such mono-

mial and is necessarily the minimal one. Therefore, Lemma 6.2, part (2)

applied to Q* and Kx gives Br_x[L] « Br[L]xQ*. By Lemma 8.3, Br[L] «

mxx~rL~r which is « mx~rN~r. However, since xQ* > 1, we have Br_x[L]

> mx~rN ~'. This is a contradiction. The assertion is true.

Part (b) follows from the assertion. This concludes the proof.

11. Transform sequences.

11.1 Definition.  Let  Vx, V2, . . . , Vq be in D with x_1 -< Vq < Vq_x

< • • • < Vx. The sequence { Vx, V2, . . ., Vq}'\s called a transform sequence.

11.2 Definition. Let {Vx, V2, . . . , Vq) be a transform sequence. Let

uk - 2*_, V¡ for k = 1, 2, . . . , q. Let A«,(z) = ß(z) and K0(w) = H(w). Let

Am(z) = yk_0Bk[Um\Okz and Am(w) = ïnk_0xkBk[Um]wk for m =

1, 2, . . . , q. Let trt(K„ A,_,) = (r„ i,) for / = 1, 2, . . . , q. If (/-, + „ si+I) <

(r„ s() for each /', then {Vx, V2, . . ., Vq) is called a reducing transform

sequence (briefly r.t.s.). If in addition rq is nonzero, then { Vx, V2, . . . , Vq] is
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called a terminal r.t.s. (briefly tr.t.s.) with terminal index r (briefly t. index).

11.3 Lemma. Assume §8.2. 77ien there exist t.r.t. sequences

{ Vxx, VX2, ..., Vxk¡}, { V2X, V22, ..., V2k2), ...,{VmX, Vm2, ..., V^} with

respective t. indices px,p2, . . . ,pm such that, with U¡ ='E^_xVij for i =

1, 2, . . . , m, the following hold:

(l)Ui~Nfori = 1,2, ...,m,

(2)^_xPi = r,and

(3) x~x <U¡- Ujfor 1 < i,j < m and i +j.

Proof. The lemma is proved by induction on the multiplicity r. Let r = 1.

Then, A is a simple critical monomial of H. By Lemma 10.5, there is a

function A* G D with A* ~ A such that trt(A*, H) = (s, t) < (0, 1). Thus

s = 1 and / = 0. Therefore, {A*} is a t.r.t.s. with t. index 1. The lemma is

valid for r = 1.

The critical step in the proof is the reduction of the multiplicity of the

critical monomials. This is accomplished through Lemma 10.5. In general,

assume that for any m < r, for any operator H* of the form of H with

corresponding differential operator ß* of the from of ß, and for any function

M G D with x ~ ' -< M and with M ~ an wth repeated critical monomial of

H*, there exist t.r.t. sequences which satisfy (1), (2) and (3). We need only

show that the lemma is valid for m = r.

Let A G D be — an rth repeated critical monomial of H with x ~ ' -< N.

By Lemma 10.5, there exists a function A* G D with A* ~ A such that

trt(A*, H) = (/?, a) < (0, r). Note that A itself may suffice. Consider the

polynomial H*(w) = ~Ek=0xkBk[N*]wk with corresponding differential opera-

tor ß*(y) = Vk=0Bk[N*]9kz. By Lemma 10.3, H* has precisely r-p critical

monomials M with x_1 -< M < A*, counting multiplicity. Since q < r, no

such monomial can have multiplicity > r. So by hypothesis, for each such

monomial M of multiplicity m, there exist t.r.t. sequences satisfying (1), (2)

and (3) relative to M, H* and ß*. Let the sequences be {Txx, Tx2, . . ., TXa },

{T2X, T22, ..., T^} ...,{TuX, Tu2, . . ., 7^} with respective t. indices e, for

i = 1,2, . . . ,u. Let S, — Tn + Ta + • • • +Tia¡ for each i. Since distinct

critical monomials M of H* with x~l < M -< N have differences which are

> x_1, we have

(a) S¡ ~ some M G cnt*(H*) with x"1 < M < A,

(b) vx + v2 + ■ • • +vu = r — p and

(c)S; - Sj > x~x for/^/.

Ifp > 0, then {A*} is a t.r.t.s. with t. index/? (for ß). Thus the sequences

{A*}, {A*, Txx, TX2, ..., TXai), {A*, T2X, 7^, . . ., 7^}, . . .,

{**>TuX,Tu2,...,T^}
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satisfy the lemma. If p = 0, then the sequences {A*, Txx, Tx2, . . . , TXa },

{A*, T2X, T22, . . . , T2ai), . . ., (A*, TuX, Tu2, . . . , T^} satisfy the lemma.

Parts (1), (2) and (3) clearly follow from (a), (b) and (c) above. The induction

step is valid. This concludes the proof of the lemma.

12. Independence conditions.

12.1 Definition. Let (yx,y2,.. . ,yq) be a a-tuple of functions, each

admissible in F(a,b). Then (yx,y2, ■ ■ ■ ,yq) is called dependent modulo

trivial functions (briefly t-dependent) in F(a, b) if there is a a-tuple of

constants (kx, k2, . . . , kq) not all zero, such that kxyx + k2y2 + • • • + kqyq

is trivial in F(I) for some open interval I contained in (a, b). If

(yx,y2, ■ . . ,yq) is not t-dependent we say it is t-independent. A t-indepen-

dent family is clearly linearly independent (see [1, §9]).

12.2 Definition. Let (ux, u2, . . ., uq) be a a-tuple of functions each admis-

sible in F(a, b). Let y, = exp/n, for each /'. Then (yx,y2, ■ ■ ■ ,yq) is called

dependent modulo monomial functions (briefly m-dependent) in F(a, b) if

there is a a-tuple of constants (kx, k2, . . . , kq) not all zero, such that kxyx +

^2^2 + • • • + kqyq is either — a complex monomial or trivial in F(I) for

some open interval I contained in (a, b). If (yx,y2, ■ ■ ■ ,yq) is not m-depen-

dent, we say it is m-independent. An m-independent family is clearly linearly

independent.

12.3 Lemma. Let c and t be constants, c ^ 0 and t > 0. Let W be any

function which is — cx~x+l in some F(J). If Jx is any subinterval of J on which

IF(W) > 0 (respectively, IF(W) < 0), then for all a, exp W > xa (respec-

tively, exp W< x") in F(JX).

Proof. This is proved in [3, § 10(a)]. Here IF(W) = cos(ty + arg c) for y in

/. Since IF( W) can have only finitely many zeros in J, such subintervals can

be found.

12.4 Lemma. Let (Wx, W2, . . . , Wq) be a q-tuple of elements in D (an LDF0

over F(a, b)). Let W¡> x~x andy¡ = expJW¡for each i. Assume that W¡ — Wj

> x ~x for any pair of indices (i, j) with i ¥=j. If J is any subinterval of (a, b) on

which IF(W^) > Ofor each i, then the q-tuple (yx,y2, . . . ,yq) is m-independent

in F(J).

Proof. The proof is by induction on a. Since W¡ > x~x and W¡ E D, then

W¡ — c¡x~x+d< for some c, ^ 0 and d¡ > 0. The conclusion holds for a = 1 by

Lemma 12.3.

Assume that for any n < q, all n-tuples of functions which satisfy the

hypotheses are m-independent in F(JX) for any open interval /, c /. Assume

that (y,, y2, . . . , yq) are m-dependent. Then there exist constants

(kx, k2, . . . , kq) not all zero, such that kxyx + k2y2 + • • • +kqyq = m in
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F(I), for some open interval I e J and where m is ~ a logarithmic mono-

mial or trivial in F(I). Let Ix be any open subinterval of I on which

IF(W¡ — Wj) are nowhere zero for /' +j. As in §12.3, such intervals do exist.

Without loss of generality, assume that kx ¥= 0. Let

Sx = {/: IF(Wi - Wx) > 0 on /,}    and    S2 = [i: IF(Wi - Wx) < 0 on /,}.

By assumption and Lemma 12.3, for any a, in F(IX) we have yjyx > x" for

i E Sx andy,/y, < x" for i E S2. Since IF(WX) > 0, then IF(- Wx) < 0 on

J and in F(IX), l/yx < x" for all a. If 5, is empty then kx = m/yx —

2,es k¡y¡/yx. The right-hand side is trivial which implies that kx = 0 and is a

contradiction. Thus, if 5, is empty, (yx,y2, . . . ,yq) is m-independent in F(IX).

If Sx is not empty, then 2,eSi/y,/y1 = kx + m/yx - 2,es?Aiy,/y1. Now

y¡/y\ = expjXff, - if,) and W¡ — Wx> x~x. Then the functions y,/y, for

i G 5] satisfy the hypotheses of the lemma. The right-hand side is — — A:, in

F(IX). However, Sx is a proper subset of (1, 2, ... , a). Thus by the inductive

hypotheses, k¡ = 0 for each i E Sx. We then write 2,es k¡y¡ + kxyx = m. The

set S2 u {1} is again a proper subset of (1, 2, . . . , a). Hence k¡ = 0 for all i.

Therefore (yi,y2, . . . ,y9) is m-independent in F(IX). Since the argument is

valid on any such subinterval, then (yx,y2, . . . ,yq) is m-independent in F(J).

This concludes the proof.

12.5 Lemma. Let (Wx, W2, . . . , Wq) be a q-tuple of elements in D (an LDF0

over F(a, b)). Let Wi > x~l and y, = expJW¡ for each i. For any pair of

indices (/,/) with i ¥=j, assume that W¡ — Wj> x~x. Let IF(W¡) > 0 on some

subinterval J of (a, b). Let (uiX, ui2, . . . , «,„,) ¿?e a t-independent nrtuple in

F(J). Then the family of w^y, for i = 1, 2, . . . , a and j = 1,2, . . . , n¡ is

m-independent in F(J).

Proof. The proof is inductive on a. For a = 1, assume that on some I G J,

there exists an n,-tuple of constants (kx, k2, . . . , kn ) not all zero, such that

"2,y-xkjUXjyx = m where m is ~ a complex monomial or trivial in F(I). Recall

thaty, = expJWx and IF(WX) > 0 on /. Thus by Lemma 12.3, l/y[ < x" in

F(I) for all a. It follows that / = m/yx is trivial in F(I). Hence, kxuxx + k2ux2

+ • ■ • +knuXn = t in F(I). However, the n,-tuple (uxx, uX2, . . ., uXn) is

t-independent in F(J). Thus k¡ = 0 for all/. The family of uXJyxs is m-inde-

pendent in F(J). The lemma holds for o = 1.

Assume that for any n < q, and for any n-tuple of functions

(>'i'>,2' • • • »JO and corresponding «,-tuples of h,/s which satisfy the hypothe-

ses, the result holds. Let S = {(/,/): / = 1, 2, . . . , a and / = 1, 2, . . . , n¡).

Assume that the family {t^y,: (»',/) G S} is m-dependent. Then there exist

constants /L not all zero such that 2s&,-;w,>y, = m, where m is ~ a complex

monomial or trivial in F(I) for some open subinterval I c /. Let Ix be a

subinterval of I on which IF(W¡ — Wf) are nowhere zero for all i and/ with
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i +j. Assume that kxx ¥* 0.  Let Tx = {/:  IF(W¡ - Wx) > 0 on Ix) and

T2 = {/:  IF(W¡ — Wx) < 0 on /,}. By assumption and Lemma  12.3, in

F(Il),yi/yx > xa for all a if i G Tx, yjyx < x" for all a if / G T2 and

1/y, •< x" for all a. Let Sm = {(/,/): i G Tm) for m = 1, 2.

If Tx is empty, then

*h*h + - ' " +kinl = «/>i -SVV'/^i-

Since 14, is «—« a complex monomial for all i and/, the right-hand side is trivial

in F(IX). However (uxx, ux2, . . . , uXn ) is t-independent in F(J). Thus A,  = 0

for all/ and in particular kxx =0. This contradicts the assumptions. Hence

{w^y,: ('»/) G 5} is m-independent in F(IX) and thus in F(J).

If T, is not empty, then

s, s2

The right-hand side is either trivial or ~ a complex monomial in F(IX). By

assumption, the functions yjyx for i E Tx satisfy the hypotheses of the

lemma. Since Tx is a proper subset of {1, 2,. . . , a}, then by the inductive

hypotheses, k0 = 0 for (i,j) E Sx. That is, the family {Uyyjyx: (i,j) G 5,} is

m-independent in F(J). We may write

2*W< + knUl\y\ + ••'   +kln»ln,yi = m-

However, {1} u T2 is a proper subset of (1, 2, . . ., a}. Hence ktj = 0 for

(i,j) G S2 or / = 1. This is again a consequence of the inductive hypotheses.

Thus ky = 0 for all i and/. Therefore, {u¡jy¡: (/,/) G 5} is m-independent in

F(IX) and thus also in F(J). This concludes the proof.

13. Proof of Theorem 5.

Part (1). The existence of the monomial sequence A follows from Lemma

6.1. Say A = (A,, A2, . . . , N„_ }. This sequence has distinct monomials

A1, A2, . . . , Ns of multiplicity m„ m2, . . . ,ms respectively, with mx + m2

+ • ■ • + ms = n — p. By Lemma 11.3, for each NJ of multiplicity w,, there

exist t.r.t. sequences {V(j, k, 1), V(J, k, 2), . . ., V(j, k, n(j, k))} with respec-

tive t. indices/?(/, k) for/ = 1, 2, . . . , s and k = 1, 2, ... , m(j), where m(J)

and n(j, k) are positive integers which depend on / and (/, A:) respectively.

Define U(j, k) = "2rV(j, k, r). Let S = {(/, k): all/ and k}. From Lemma

11.3 we have U(j, k) ~ Nj for (/, k) G S, and Í/0', ^) - U(j, r) > x~x for

(/, ^) and (/, r) m ^ and k ¥= r. Also from the same lemma, the t. indices

satisfy 2fc/?(/, k) = w, for each/. Hence 2s/?(/, k) = n — p. Since A-7 and A*

are distinct when/ ^ A:, we have NJ — Nk >- x~x. Thus, t/(/, A) — i/(r, /) >

x"1 if either/ ^= r or A ̂  í or both. Define A(/, k)(z) = 2?_0£,.[£/(/, k)]9rz

for (/, k) G 5. Since each U(j, k) comes from a t.r.t.s., then A(/, A) has
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critical degree /?(/, A) for all (/, A) G S. By Theorem 4, A(/, A) = 0 has, e.f.d.

in F(a, b), p(J, k) solutions of the form u ~ x"(log x)^ with a complex and ß

a nonnegative integer. The numbers a and ß depend upon the coefficients of

the operator A(/, A). Write the /?(/, A) solutions as u(j, A, r) for r =

1, 2, . . . ,p(j, A). This of course holds for each (/, A) G S. Hence ß(y) = 0

has, e.f.d. in F(a, b), p(J, A) solutions u(j, k, r) exp/ U(j, A) for (/, A) G S

and r = 1, 2, . . .,/?(/, A). Part (1) follows by appropriately renumbering the

solutions.

Part (2) is an immediate consequence of Lemmas 6.1 and 12.3.

Part (3). The existence of {Af,, Af2, . . ., M } and {gx, g2, . .. , gp) follows

readily from Theorem 4. It remains to show that the set {gx, g2, . . . , gp,yx,

y2, . . . ,y„_p] is SL fundamental set of solutions on each F(I) where all the

functions are defined and where I c (a, b). Since all solutions exist e.f.d. in

F(a, b), such intervals do exist. Let I be any such interval on which the IF(N¡)

make no sign changes.

Let Q = {(j, k, r): all /, A and r). From the proof of Part (1),

Ui, g2> ■ ■ ■ . gp,yi>y2> ■ ■ ■ >yn-p)is precisely

{ t\> g2, ■ ■ ■ , gP} U { u(j, A, r)exp f U(j, A): (/, k, r) G Q J.

By [1, Theorem II], the /?-tuple (gx, g2, . . ., gp) and the /?(/, A)-tuples

(u(j, k, 1), «(/, A, 2), ..., u(j, k,p(j, A))) for (j, A) G S are t-independent in

F(I).

Let T(j, A) = exp/ U(J, A) for (/, A) G S. Assume that on some subinterval

Ix of I, there exist a /»-tuple of constants (c„ c2, . . ., cp) and constants

c(j, k, r) for (j, k, r) G Q not all zero such that

Ci gx + ■ ■ ■ + cpgp + 2 c(J, A, r)u(j, A, r) T(j, A) = 0       in F(IX).
Q

By assumption, the IF(N¡) make no sign changes on /,. Therefore, the

IF(U(j, A)) make no sign changes in J,. Define S, = {(/, A) G S: IF(U(j, A))

> 0 on /,} and S2 = {(/, A) G S: IF(U(J, A)) < 0 on /,}. Let Q¡ = {(/, A, r)

G Q: (j, A) G S,} for / = 1, 2. Now, U(j, A) ~ A7 and so U(J, A) > x_1.

Differences of the £/(/, A)'s are > x~x. The hypotheses of Lemma 12.4 are

satisfied for Sx. Hence { T(j, A): (/, A) G S,} is m-independent in F(IX). Thus

by Lemma 12.5, {«(/, A, r)T(j, A): (/, A, r) G Qx] is m-independent in F(IX).

By Lemma 12.3, for (j, A) G S2, r(/, A) < x° in F(/,) for all a. Hence,

m(/, A, r)T(/, A) < xa in F(/,) for all a and for (j, A, r) G g2. It follows that

S c(/, A, /•)«(/, A, /-)r(/, A)

-Cift-"Cpgp - 2c(/> A, r)«(/, A, r)T(j, A).
C2
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In F(IX), the right-hand side is either ~ a monomial or trivial. Therefore,

c(j, A, r) = 0 for (/, A, r) G Qx. Then,

cxgx + ■ ■ ■ +cpg■  = - 2 c(j, A, r)u(j, A, r)T(j, A).

The right-hand side is trivial in F(IX). Since (g„ g2, . . . , gp) is t-independent

in F(IX), then c, = 0 for / = 1, 2, . . . , /?. Hence we have

S c(/> A, /•)«(/, A, r)i(/ A) = 0.
02

Assume that for some (a, ß, y), c(a, ß, y) ^ 0. Let S3 = S2 — {(a, ß)} and

03 = {(/. *> 0 6 Ô: (/. *) 6 S3}- Let *(/> A) = 7Yj, A)/7Ya, 0) and divide
by T(a, ß) to get

2 e(/, A, /•)«(/, A, r)Ä(/, A) = 2 c(«, fr r)«(ot, A ')•
03 '

Let I2 be any subinterval of Ix on which the IF(U(j, A) — l/(a, /6)) make no

sign changes for (/, A) E S3. Define

54 = {(/, A) G S3: IF(U(j, A) - U(a, ß )) > 0 on 72}

and

55 = {(/, A) G S3: IF(U(j, A) - U(a, ß ))< 0 on 72}.

Let g, = {(/, A, r) G g: 0', A) G S,} for i = 4, 5. It follows that

^c(j,k,r)u(j,k,r)R(j,k)
Q*

= - S c(«, ß, r)u(a, ß, r) - 2 c(/, A, r)«(/, A, /•)/?(/, A).

For (/, A) G S5, it follows from Lemma 12.3 that R(j, A) -< x" in F(72) for all

a. Hence, for (j, A, r) E Q5, u(J, A, r)R(j, A) -< x" in F(7j) for all a. Thus the

right-hand side is either trivial or ~ a complex monomial in F^^). Recall that

U(j, A) - U(a, ß) > x~x. Therefore by Lemma 12.4, {R(j, A): (/, A) G S4)

is m-independent in F(72). It then follows from Lemma 12.5 that

{u(j, A, r)R(j, A): (/, A, r) E Q4} is m-independent in F^^. Hence we must

have c(j, k, r) = 0 for (/, A, r) G Q4. Upon simplification, we have

2 c(a, ß, r)u(a, ß, r) = - 2 c(/, A, /•)«(/, A, r)Ä(/, A).
05

The right-hand side is trivial in F(72). Since the p(a, ¿8)-tuple (u(a, ß, 1),

u(a, ß, 2), . . ., u(a, ß,p(a, ß))) is t-independent in F(72), then c(a, ß, r) =

0 for all r. In particular, c(a, ß, y) = 0. This a contradiction. Hence we must

have c(j, A, r) = 0 for all (/, A, r) G Q2.

We have shown that c, = 0 for all / and that c(j, A, r) = 0 for all (/, A, r).

Hence the set {g„ g2, . . . , gp,yx,y2, . . . ,y„-p] is linearly independent in
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F(72). Clearly the set must be linearly independent on any such ^(7^). Thus

on each F(7), where all of the functions are defined in F(7), the set is linearly

independent. This completes the proof of the theorem.

14. Remarks and examples.

14.1 Remark. The actual result is slightly more explicit than that of

Theorem 5. In fact, if {Vx, V2, . . . , V } is any t.r.t.s. with t. index/? > 0 and

if U = 2 V¡, then e.f.d. in F(a, b), the equation ß(y) = 0 possesses /? solutions

of the form y = u expJU where u ~ x"(log x)ß for some complex a and

nonnegative integer ß. The precise values of a and ß are given by Theorem 4.

14.2 Example. This example shows the necessity of Lemmas 8.5 and 10.5.

Let

ß(y) = x-303y + (3x-5/2 - 3x~2)92y

+ (3x-' - 6x"3/2)6y + (3x->/2 - 2x~3/2 - x~2 - l)y.

Therefore,

H(w) = w3 - (3 - 3x~x^2)w2 + (3 - 6x-'/2)w

- (1 -3x-'/2 + 2x-3/2 + x-2).

Thus, H has critical monomial 1 of multiplicity 3. Now, ß(ze*) = exA(z)

where A(z) = x"303z + 3x~5/292z + 3x~29z + x_3/2z. Let K(w) = w3 +

3x~x/2w2 + 3x_1w + x~3/2. Hence, A has critical degree 0 and K has critical

monomial -x~1/2 of multiplicity 3. Then trt(l, H) = (0, 3). By Lemma 10.5,

there exists a function A ~ 1 such that trt(A, H) < (0, 3). In fact, since

— x-1/2 is an exact root of K, we may use A = 1 — x_1/2 by Lemma 8.5.

Therefore,   ß(z exp /A) = (exp / A)A*(z)   with   A*(z) = x~303z -

(3/2)x-5/20z - (l/4)x"5/2z. Let K*(w) = w3 - (3/2)x~^2w - (l/4)x-5/2.

Since K*(w) has critical monomials ±(3/2)1/2x"3/4 and (- l/6)x_1 and A*

has    critical    degree     1,    trt(A, H) =   (1,  1).    Now    F*(a) =

— 3a/2 — 1/4 has root a = - 1/6, so e.f.d. in F( — tt,it), ß(y) has a

solutiony, = g, exp A with g, ~ x_1/6.

Let y = (3/2)1/2, Af, = A + yx~3/4 and M2= N - yx"3/4. Then

ßiz exp (Mx\ = (exp jMx\ax(z)

with   A,(z) = x~393z - 3yx~xx^92z + (3x'5/2    + (3y/4)x~xx^)9z +

((7/8)x"5/2    + (y/16)x-1,/4)z.   Then   trt(yx-3/4, K*) = (1, 0).   Hence

{A, yx_3/4} is a t.r.t.s. with t. index 1. Now Fx(a) = 3a + 7/8 has root

a= -7/24.  Thus   e.f.d.   in   F(-m, it),   ß(y)  possesses   a  solution y2 =

g2 exp /Af, with g2 ~ x"7/24. Similarly,

ßiz exp j M2\ = (exp J Af2lA2(z)
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with   A2(z) = x~303z - 3yx-ll/492z + (3x~5/2   - (3y/4)x-n^)0z +

((7/8)x~5/2 - (y/16)x-u/4)z. Thus trt(-vx-3/4, K*) = (1, 0). Since F2(a)

= 3a + 7/8 has root a = — 7/24, then e.f.d. in F( — tt, tt), fi(y) possesses a

solution y3 = g3 exp /Af2 with g3 ~ x-7/24. The set {y\,y2,y3} is a funda-

mental set of solutions for ß(y) = 0.

14.3 Example. This example demonstrates the complexity of Lemma 11.3.

Consider the equation fi(y) = '24k-oBk(x)0ky = 0, where B0(x) = 1 - 13x~2

+ 29x~4 - 8x-6, Bx(x) = - 4x~2 + 26x-4 - 15x~6, B2(x) = 6x~4 -

13x-6, B3(x) = - 4x~6 and B4(x) = x-8. Then H(w) = 24c-o**5*(*)w*

has critical monomial x of multiplicity 4. Let s = exp(x2/2). Let y = zs.

Then ti(y) = sA(s) where A(z) = 2^k.QBk[x\9kz with B4[x] = x-8, B3[x] =

50[x] = 0, 52[x] = - x-6 and Bx[x] = x~6. Let K(w) = Tk.0xkBk[x]wk.

Clearly, A has critical degree 2 and K has critical monomials ± 1 and x-1.

Thus trt(x, H) = (2, 1). The critical equation for A is F(a) = — a2 + a with

roots 0 and 1. Therefore, e.f.d. in F( — it, it), A has solutions g, — 1 and

g2 — x by Theorem 4. Hence fi(y) = 0 has, e.f.d. in F( — it, it), solutions

y, = g¡s for /' = 1, 2. Further computations give B0[x ± 1]= ±6x-5 + 7x-6

± x-7, Bx[x ± 1] = ± 2x~5 + 13x~6 ± 4x-7, B2[x ± 1] = 5x-6 ± 6x"7,

53[x ± 1] = ± 4x"7, and B4[x ± 1] = x-8. Clearly trt(± 1, K) - (1, 0). The

sequences {x, 1} and {x, —1} are t.r.t. sequences with t. indices 1. Hence,

e.f.d. in F(—tt, -n), ß(y) = 0 has solutionsy3 = g3sex andy4 = g4se~x where

g3 ~ x-3 andg4 ~ x-3. Then {yx,y2,y3, y4) is a fundamental set for Q(y) =

0.
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